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Abstract 
We show how logarithmic terms may arise in the correlators of fields which belong to the 
representation of the Schrödinger-Virasoro algebra (SV) or the affine Galilean Conformal 
Algebra (GCA). We show that in GCA, only scaling operator can have a Jordan form and 
rapidity cannot. We observe that in both algebras logarithmic dependence appears along the 
time direction alone.   
 1-Introduction 
Non-relativistic conformal invariance has recently received a lot of attention in the context of 
AdS/CFT correspondence [1-6]. Historically though there were other reasons; on the one 
hand investigations of the symmetries of Schrödinger equation [7-10] on the other hand, the 
application to hydrodynamics [as an example see 11]. The recent activity in AdS/CFT has 
pointed towards the application of this correspondence to condensed matter setting [4,6], in 
particular it has been observed that asymptotic symmetry algebra of geometries with 
Schrodinger isometry in any dimension is an infinite dimensional algebra containing one 
copy of Virasoro [12,13].  
Though being nonrelativistic, Schrodinger equation in addition to Galilean symmetry carries 
two more symmetries. One is inversion: 
            
     ,       (1.1) 
which corresponds to the special conformal transformation  (SCT). The other symmetry of 
Schrodinger equation is scaling: 
              ) .        (1.2) 
Having scale invariance in Schrodinger equation can signal that there might exist some sort 
of Nonrelativistic conformal invariance under additional conditions. Historically Conformal 
Field Theory (CFT) was developed to address the quantum mechanics of string theory, thus it 
was developed in a relativistic setting. Later it was realised that CFT may be used to explain 
physical systems at their critical points [14,15]. Such systems are often at low temperatures 
and thus nonrelativistic, but since they are studied at thermal equilibrium time does not play a 
role and a relativistic symmetry finds application. However, when we look at the dynamics of 
systems close to their critical point, non relativistic CFT (NRCFT) becomes relevant [see for 
example 16].  
Beside Schrodinger algebra, there is another Galilean algebra investigated by physicists; the 
Galilean Conformal Algebra (GCA) [17]. This algebra is obtained via a direct contraction of 
relativistic conformal algebra. In this contraction one investigates the behaviour of CFT for 
low velocities or:  
      ,           .     (1.3) 
As well as the affine Schrödinger symmetry (SV) one may have the affine Galilean 
Conformal Algebra (GCA) [18,19,20] which can be obtained via a direct contraction of 
relativistic conformal symmetry [21]. GCA has been proposed as a symmetry of 
nonrelativistic incompressible fluid dynamics [22], but this possibility has been challenged 
[23,24] . For a study of differential equations which admit this symmetry see [24]. Mass 
central charge is the most common charge and it results Bargmann superselection rules for 
Schrodinger correlation functions. However in 2+1 another central charge, named “Exotic” is 
of interest [25-28].      
Looking for other non relativistic conformal symmetries, it was observed that the class of 
nonrelativistic conformal algebras are quite restricted [19,29]. This class scales space and 
time anisotropically: 
     ,          .      (1.4)  
Each algebra of this class is characterized by a fraction l which is one over the dynamical 
exponent. Closure of the algebra forces l to be half integer. However in the special case of 
d=2+1 another class of Galilei symmetries becomes relevant for nonrelativistic systems 
without any restrictions on the dynamical index [21]. This is directly related to the fact that in 
d=2+1 we have a Virasoro symmetry along the spatial dimensions. Therefore the 
requirement of closure may be relaxed. Clearly a wealth of non relativistic conformal 
symmetries in d+ 1 dimension has been investigated, but a systematic classification has yet to 
come.  
It is natural to wonder about the quantum realisations of these symmetries, their 
representations and correlation functions. Some attempts have been made at constructing 
NRCFT’s [4, 16, 30-38]. Many interesting features have been discovered and many questions 
remain. In this paper we look at the question of whether logarithmic correlators may appear 
in NRCFT’s analogous to their relativistic counter parts [39]. Logarithmic Conformal Field 
Theories (LCFT’s) arise when the action of L0 on primary fields is not diagonal. This may 
happen in some ghost theories such as the      theory [40, 41]. Generically LCFT’s are 
non unitary theories; however applications of LCFT’s to some statistical models have been 
suggested [42-47]. For reviews of LCFT’s see [48,49]. More recently LCFT’s have become 
relevant in the context of Topologically Massive Gravity [50-52]. 
This paper is organised as follows. In section 2 we review logarithmic CFT. In section 3 we 
review Schrodinger algebra, its representations, correlation functions and null vectors 
[53].We then obtain its correlation functions for a Jordan action of the scaling operator which 
would be logarithmic. In section 4 we review GCA, its representations and correlation 
functions in 1+1 dimensions and investigate its logarithmic correlation functions. In section 5 
we close by some concluding remarks. 
2. Logarithmic Conformal Field Theories (LCFT’s) 
Logarithmic conformal field theories are based on indecomposable but reducible 
representations of the Virasoro algebra. Let us consider the case where the generators of     
can be transformed into Jordan normal form. A rank r Jordan cell is spanned by r states  
                    , 
                                ,      (2.1) 
where h is the conformal weight. The parameter k grades the fields within the Jordan cell and 
will be referred to as Jordan level. In this section we shall concentrate on level 2, which is 
indeed the only level with a particular field theoretic example of c=-2 ghost theory. The 
equation (2.1) may be rewritten using a nilpotent variable [54] in a much more convenient 
way (r=2): 
      , 
                     ,      (2.2) 
attaching the interpretation that the highest weight has a graded eigenvalue. To connect up 
with (2.1) let us note that a Taylor expansion of the state        has only two terms: 
                    .       (2.3) 
The above expression for a Jordan cell of rank 2 immediately results. This extension 
immediately results in logarithmic terms appearing in the correlators. The state operator 
correspondence requires two fields to exist with action of    defined from (2.1): 
                      , 
                               ,     (2.4) 
where     is the usual invariant vacuum. The pair of fields     are logarithmic partners, with 
the same conformal weight. In the minimal series each highest weight uniquely determines a 
primary field but here clearly we have degeneracy.  Following the notion of nilpotent 
variables we can also define a field with nilpotent variables: 
                   ,       (2.5) 
which is a field, with a conformal weight with a nilpotent component    . This implies that 
under a mapping of the complex plane        we have: 
         
  
  
           ,      (2.6)  
resulting in the usual transformation laws for the primary field     , but logarithmic 
transformation law for the partner field is: 
        
  
  
              
  
  
       .     (2.7) 
We can now ask what the correlators will have to be if they are to respect the transformation 
laws of a logarithmic pair. As before, we can proceed by requiring invariance under the 
corresponding generators of the Mobius group, leading to the correlators 
         , 
             , 
                         .      (2.8) 
We observe the unusual property that the correlator        vanishes. This has the following 
interpretation. Since OPE requires the identity to appear in the rhs of the product of a field 
with itself, the only possibility is that the identity has vanishing expectation value. The 
resolution of this apparently conflicting result comes by noting that an LCFT may have a 
distinguished operator pair; the identity and its logarithmic partner: 
           ,        (2.9) 
with correlators: 
       , 
       , 
                    ,       (2.10) 
which is consistent with zero conformal weight but unusual in giving zero expectation for the 
identity and the existence of a partner for the identity which has some kind of z dependence. 
Clearly the state-operator correspondence implies that there should exist two candidates for 
the vacuum, one for each identity. This also means that the other distinguished operator 
within the conformal algebra i.e. the energy momentum tensor must also have a logarithmic 
partner: 
                
               ,       (2.11) 
the second entity i.e. t(z) is observed within the AdS3/LCFT2 correspondence [50-52]. The 
requirements of invariance under conformal Ward identity produces logarithmic terms. 
However let us note that, not all primary fields may have Jordan cell structure. It is possible 
that the identity does not have a Jordan cell but other primaries have, in such a case the 
compatibility of the vanishing n-point functions and OPE needs an explanation. 
Now we consider the appearance of these Jordan cells in the non relativistic cases i.e. the 
Schrodinger algebra and the GCA.  
3. Schrodinger Algebra 
Schrodinger algebra is the symmetry of Schrodinger equation [7,8]: 
      ,       ,        ,  
                   ,                ),  
            
      .       (3.1) 
These generators produce Schrodinger group which is the group of the following 
transformations:  
         
            
    
 ,      
    
    
  ,           .    (3.2)  
This algebra admits mass central charge  
              .          (3.3) 
Non-vanishing commutators are: 
                                           , 
                                
 [               ,                            
                         .       (3.4) 
H,D and K form an SL(2,R).  It suggests that this algebra may have a Virasoro-like affine 
extension. It does [16] and is called Schrodinger Virasoro algebra (SV): 
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         ,        (3.5) 
where     and m    
 
 
 . In this format Schrodinger algebra would be: 
   
 
          ,  
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      ,        ,      ,     (3.6) 
and the commutators in 1+1 are  
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        , 
               ,                   , 
                  .       (3.7)  
Before going on to more details we would like to recall that to have a proper form for 
invariance under this algebra we need to define another parameter ξ and wave 
functions         as [38]: 
        
 
   
 
 
                    .     (3.8) 
Now, Schrodinger equation turns to a Klein-Gordon form: 
                  ,          (3.9) 
and the metric in this space is: 
                 .       (3.10) 
The algebraic elements can be rewritten and dealt with in this new coordinates. However, we 
expect the final answer not to change. The only correction for two-point functions would be a 
Heaviside function of time. To see this effect and some other results see [31].  
To review representations and correlation functions of Schrodinger algebra we follow 
[16,30,31]. Representations are in 1+1. However, two-point functions work for any 
dimensions. In Schrodinger symmetry scaling fields are recognized by their scaling weight h 
and mass : 
          , 
           .         (3.11) 
From equation (3.7) it can be easily seen that          lower h for n, m>0 and raise it for 
n,m<0. In other words 
                          
                          
                         .      (3.12) 
Since    as a central charge commutes with all operators, neither of them can lower nor 
raise the mass . Now, considering a lowest primary operator we can build the descendant 
operators. We consider a primary operator as the lowest bound which is annihilated by all 
lowering operators or: 
          ,            ,                (3.13)             
for any n ,m >0. To go further, borrowing state-operator correspondence we represent 
operators by their corresponding states     . So, for a state with scaling weight of h and mass 
  we have  
              ,  
              .        (3.14)  
However, since  is central charge and won’t be changed by operators we represent states 
only by h. As mentioned, a tower of representations is built by acting raising operators on the 
lowest state: 
               , 
              , 
              ,                    n, m <0 .     (3.15) 
The first level is obtained by acting       on lowest state or         . The second level can 
be obtained by acting either             or      on    . However these two states will be 
dependent for       and the first null vector shows up: 
         
 
              .        (3.16)  
But this is exactly the Schrodinger equation. The next null vector is obtained in the third level 
for         namely 
            
 
     
 
  
 
  
   
 
        .      (3.17) 
It leads to another differential equation namely: 
          
  
 
 
 
  
   
 
  
  
       ,    (3.18) 
which is invariant under scaling [53]. 
For obtaining two-point functions of primary fields we look at the infinitesimal action of 
Schrodinger Virasoro elements on them: 
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          ,     
                         .      (3.19) 
The quasi-primary fields transfer as above as well under Schrodinger algebra 
;             
 
   
 
     .   
Before going to more details we need to note that Schrodinger action is: 
                    
         
   ,     (3.20)  
and the equations of motion are: 
               , 
      
       
    .         (3.21)  
So, for any field   with mass  there is a conjugate field   , with mass -  and in equations 
(3.19)  should appear with opposite sign for conjugate fields. Now we follow up to find 
two-point functions of these fields. For two-point functions of quasi-primary fields we 
suppose: 
                              
          .     (3.22) 
Invariance under translation      and energy conservation    result in: 
          ,              where          ,           . (3.23) 
Invariance under      appears as: 
                                 .    (3.24)  
It would be possible if and only if we have: 
       , 
                  
   
 
  
  .               (3.25)  
Now, we desire scaling behaviour under    transformation: 
      
 
 
               ,       (3.26)  
where         . Putting F from (3.25) we get an equation for      
                ,          (3.27) 
or  
                      
   
 
  
  .     (3.28)  
Desiring invariance under    results in having      . So, the final answer is:  
                              
   
 
  
  .    (3.29)  
As mentioned before, following the covariant form of Schrodinger equation results in a 
correction for this answer [31]: 
                                       
   
 
  
     ,  (3.30) 
where Θ is the Heaviside function.  
To investigate the logarithmic structure in the representations of this algebra we start by a 
Jordan form for our scaling operator:  
                      , 
                               .        (3.31)  
These equations may be summed up in the nilpotent formalism [54] as: 
                   , 
                 , 
                    .         (3.32)  
Now we define two-point correlation function of these fields as: 
                                        
              .  (3.33)  
From translation symmetry in space and time we have F as a function of x, t .Invariance 
under      results in having the form:  
                                             
   
 
  
 .    (3.34) 
Now, we desire invariance under     which appears as  
      
 
 
                                 ,   (3.35) 
Note that here a conjugate nilpotent variable     has appeared due to presence of the conjugate 
field  
   Equation 3.35 restricts F to be: 
                
 
                                 
   
 
  
  .  (3.36) 
The final format is obtained by imposing invariance under    : 
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and would be: 
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If we compare this expansion by an expansion of correlation function in (3.33) we obtain 
two-pint correlations of all fields: 
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4. Galilean Conformal Algebra (GCA) 
Galilean conformal algebra [17] can be obtained directly from contraction. However as it was 
observed in [19,29], it corresponds to l =1 of l-Galilei
1
 algebra. In d+1, in addition to 
Galilean algebra,              , it consist of d+2 more elements: 
             ) ,                   
     , 
     
    .          (4.1) 
Similar to Schrodinger algebra, this algebra admits an affine extension as well: 
                  
     , 
   
        , 
    
                 ,        (4.2) 
in which the central algebra is 
      ,      ,       , 
   
     ,    
    ,    
     ,    (4.3)  
and commutation relations are: 
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        .(4.4) 
     are SO(d) structure constants.  
    Correlation functions of this algebra were first given in [32] and then rederived  in [35,33]. 
To obtain representations in 1+1 we first observe that full GCA in this dimension can be 
obtained directly from a contraction of     . To observe this contraction we go to complex 
coordinates: 
         ,             .        (4.5) 
Relativistic conformal symmetry of d=2 contains two Virasoro 
            ,   
            ,        (4.6) 
which are the generators of holomorphic and antiholomorphic transformations. Now, we try 
to impose contraction  
   
 
 
 ,      ,       ,      (4.7) 
                                                          
1
 These algebras sometimes have been referred to as spin-l Galilei algebras in the literature but we find this 
name confusing since l has noting to do with spin. 
and obtain full GCA form CFT elements [21]: 
 
     
 
 
    
 
 
              
                      
 
 
     
 
 
  
                        
 
 
     
 
 
  .    (4.8) 
As a limit for     we have 
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  .     (4.9)  
Now that we have full GCA obtained from contraction of CFT elements, we might be able to 
obtain its representations by contraction as well. Usually when an algebra is contracted, there 
is no necessity that its representation are obtained from contraction as well. However, as we 
will see this contraction represents the algebra and correlation functions properly. For      
representations are built on eigenvectors of            :    
                  ,                       .      (4.10)  
Since in GCA          commute, we investigate if we can make representations based on 
their eigenvectors and we observe: 
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             . 
So, if we represent our states by       , we have: 
                , 
               ,             (4.11) 
in which 
   
       
 
 
    
       
 
            (4.12) 
So, we observe that in the contraction limit h and    get relatively large. To have them real 
numbers, in our notation we must have rapidity ξ an imaginary number. If we write      
elements with central charge: 
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           .    (4.13) 
then we obtain 2 central charges for GCA 
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           ,   (4.14) 
In which we have: 
      
 
 
            
       
 
 
                    (4.15) 
From GCA algebra (4.4), it can be observed that for GCA states (4.11),            can act 
as raising and lowering operators of the scaling weight  : 
                        , 
                        .      (4.16) 
However, for rapidity things are different and we have: 
                                  (4.17) 
Now we try to observe how our states represent these equations. In      the lowest state is a 
state which is annihilated by all lowering operators. The other states are obtained by acting 
raising operators: 
                
 
  
                     
             ,  m>0     (4.18) 
In contraction language, it means that a lowest bound state is annihilated by all lowering 
operators or          for m>0. The other states are created by acting raising operators:     
                                                 
                  
 
 
            
 
 
    (4.19) 
It should be noticed that though rapidity change is of the order of   
 
 
 , it should be kept for 
the sake of having some coefficients such as      to order of c. The action of 
  on states 
would be: 
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Now, we check equation (4.17) and observe that correction for ξ comes handy: 
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Tow-point functions of GCA as well can be obtained via contraction: 
                                                       
                       
        
     
                            
   
 
                 
   
 
            
                  
         
      
   
 .      (4.22) 
All these results have been independently obtained in [34]. Now we consider logarithmic 
representations and find its contracted form. In CFT we have: 
                          , 
                                     .       (4.23) 
Now, look at equation (4.11) and contraction (4.9). For the contraction limit we define: 
                    , 
                    ,        (4.24) 
Then, for our scaling operator we have: 
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And for rapidity operator: 
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or in short: 
                    , 
                            , 
                    , 
                    .       (4.27) 
So, up to the order we would like to keep, Jordan form appears only for scaling and rapidity 
can’t play a role. No matter if we have a holomorphic or antiholomorphic logarithmic form. 
For fields based on state operator correspondence we have: 
                              , 
                                     .     (4.28) 
Now, for two-point functions we follow from contraction approach in the light of equations 
(2.8), (4.12): 
                           
                                                       
                               
   
 
           
   
 
      
                     
         
      
   
  .    (4.29) 
For last two-point function again we have:  
                                                       
     
   
                      
     
   
                                            
               
        
    
 
             .    (4.30) 
We, try to obtain a 3-function of the model as well: 
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So, for this 3-point function as well, logarithmic form appears only on the time direction. 
All this procedure may be redone using the nilpotent variables [54], and directly looking at 
the non relativistic limit of the corresponding LCFT correlators; all the results of the above 
will be repeated. 
5. Concluding remarks 
In this paper we have shown that logarithmic terms may also appear in the NRCFT’s. This 
may be relevant to non relativistic phenomena which exhibit conformal invariance. Though 
the non unitarity of LCFT is a point of concern, however in some statistical mechanical 
models where the probability interpretation of the norms is forgone this worry may be set 
aside. We also note that the logarithmic terms appear only in the time coordinate, and this 
persists for higher correlators as well. It must also be noted that a more sophisticated 
approach to LCFT via the staggered modules [55, 56] may yield interesting results. Work in 
this direction is in progress.  
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